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FANO MANIFOLDS WITH LONG EXTREMAL RAYS
MARCO ANDREATTA, GIANLUCA OCCHETTA
Abstract. LetX be a Fano manifold of pseudoindex iX whose Picard number
is at least two and let R be an extremal ray of X with exceptional locus Exc(R).
We prove an inequality which bounds the length of R in terms of iX and of
the dimension of Exc(R) and we investigate the border cases.
In particular we classify Fano manifoldsX of pseudoindex iX obtained blowing
up a smooth variety Y along a smooth subvariety T such that dimT < iX .
1. Introduction
A smooth complex projective variety of dimension n is called Fano if its anticanon-
ical bundle −KX = ∧
nTX is ample. The index of X , rX , is the largest natural
number m such that −KX = mH for some (ample) divisor H on X , while the
pseudoindex iX is defined as the minimum anticanonical degree of rational curves
on X and it is an integral multiple of rX .
The pseudoindex is related to the Picard number ρX of X by a conjecture which
claims that ρX(iX − 1) ≤ n, with equality if and only if X ≃ (PiX−1)ρX ; this con-
jecture appeared in [8] as a generalization of a similar one (with the index in place
of the pseudoindex) proposed by Mukai in 1988.
A first step towards the proof of this conjecture was made by Wi´sniewski in [24],
where he proved that if iX >
n+2
2 then ρX = 1. More recently several authors ([8],
[21], [1], [10]) dealt with this problem but the general case is still open.
In this paper we investigate a related problem.
Let X be a Fano manifold with ρX > 1 and let R be an extremal ray of X .
Let l(R) := min{−KX · C | C a rational curve in R} be the length of R and
Exc(R) = {x ∈ X : x ∈ C a rational curve in R} be its exceptional locus. We
first prove the following bound:
iX + l(R) ≤ dimExc(R) + 2, (∗)
which is an improved statement of the conjecture in the case ρX = 2.
Then we investigate the cases in which equality holds. Equivalently we ask if on a
Fano variety of pseudoindex iX an extremal rayR of maximal length does determine
the structure of the variety. We prove the following
Theorem 1.1. Let X be a Fano manifold of dimension n, pseudoindex iX and
Picard number ρX ≥ 2, and let R be a fiber type or divisorial extremal ray such that
iX + l(R) = dimExc(R) + 2.
Then X ≃ Pk × Pn−k or X ≃ BlPt(P
n) with 0 ≤ t ≤ n−32 .
We do not know how to prove a similar theorem if R is an extremal ray whose
associated contraction is small (i.e. dimExc(R) ≤ n− 2). However if we replace in
the assumptions the pseudoindex iX with the index rX then we have the following
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Theorem 1.2. Let X be a Fano manifold of dimension n, index rX , and Picard
number ρX ≥ 2, and let R be an extremal ray such that
rX + l(R) = dimExc(R) + 2.
Then, denoted by e the dimension of Exc(R), we have X = PPk(O
⊕e−k+1⊕O(1)⊕n−e),
with k = n− r + 1.
Finally we consider the next step, namely the case
iX + l(R) = dimExc(R) + 1.
For a fiber type or divisorial extremal ray R we prove that ρX ≤ 3, describing the
Kleiman-Mori cone of X and classifying the varieties with ρX = 3, (Theorem 5.1).
If we assume moreover that R is the ray associated to a smooth blow-up, we have
a complete classification:
Theorem 1.3. Let X be a Fano manifold and let R an extremal ray whose associate
contraction ϕR : X → Y is the blow up of a smooth subvariety T ⊂ Y , such that
iX + l(R) ≥ n or equivalently iX ≥ dimT + 1.
Then X is one of the following
a) BlPt(P
n), with Pt a linear subspace of dimension ≤ n2 − 1.
b) BlPt(Q
n), with Pt a linear subspace of dimension ≤ n2 − 1.
c) BlQt(Q
n), with Qt a smooth quadric of dimension ≤ n2 − 1 not contained
in a linear subspace of Qn.
d) Blp(Vd) where Vd is BlY (P
n) and Y is a submanifold of dimension n − 2
and degree ≤ n contained in an hyperplane H such that p 6∈ H.
e) BlP1×{p}(P
1 × Pn−1).
Note that if T is a point the condition iX ≥ dimT + 1 = 1 is empty. In this case
the theorem is actually the main theorem of [7], where Fano varieties which are the
blow-up at a point of a smooth variety are classified (those varieties correspond to
cases a) and b) with t = 0 and d) of the above theorem). That paper has been for
us a very important source of inspiration.
In the appendix we propose a slight variation of a result of [6] relating the pseu-
doindexes of two Fano manifolds one of which is the image of the other through a
birational contraction.
2. Background material
In (2.1) and (2.2) we recall basic definitions and facts concerning Fano-Mori con-
tractions and families of rational curves; our notation is consistent with the one in
[17] to which we refer the reader.
Afterwards, in (2.3), for the reader’s convenience we recall some results of [1] and
[11] which are frequently used in the rest of the paper.
2.1. Fano-Mori contractions. Let X be a smooth complex Fano variety of di-
mension n and let KX be its canonical divisor. By the Cone Theorem the cone
of effective 1-cycles which is contained in the R-vector space of 1-cyles modulo nu-
merical equivalence, NE(X) ⊂ N1(X), is polyhedral; a face of NE(X) is called an
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extremal face and an extremal face of dimension one is called an extremal ray.
From the structure of the cone follows that
Lemma 2.1. [7, Lemme 2.1] Let X be a Fano variety and D an effective divisor
on X. Then there exists an extremal ray R ⊂ NE(X) such that D ·R > 0.
To an extremal face σ is associated a morphism with connected fibers ϕσ : X →W
onto a normal variety, which contracts the curves whose numerical class is in σ; ϕσ
is called an extremal contraction or a Fano-Mori contraction.
A Cartier divisor H such that H = ϕ∗σA for an ample divisor A on W is called a
good supporting divisor of the map ϕσ (or of the face σ).
An extremal ray R (and the associated extremal contraction ϕR) is called numer-
ically effective (nef for short) or of fiber type if dimW < dimX , otherwise the ray
(and the contraction) is non nef or birational. This terminology is due to the fact
that there exists an effective divisor E such that E ·R < 0 if and only if the ray is
not nef. If the codimension of the exceptional locus of a birational ray R is equal
to one the ray and the associated contraction are called divisorial, otherwise they
are called small.
2.2. Families of rational curves. Let X be a normal projective variety and let
Hom(P1, X) be the scheme parametrizing morphisms f : P1 → X . We consider the
open subscheme Hombir(P
1, X) ⊂ Hom(P1, X), corresponding to those morphisms
which are birational onto their image, and its normalization Homnbir(P
1, X). The
group Aut(P1) acts on Homnbir(P
1, X) and the quotient exists.
Definition 2.2. The space Ratcurvesn(X) is the quotient of Homnbir(P
1, X) by
Aut(P1), and the space Univ(X) is the quotient of the product action of Aut(P1)
on Homnbir(P
1, X)× P1.
Definition 2.3. We define a family of rational curves to be an irreducible component
V ⊂ Ratcurvesn(X). Given a rational curve f : P1 → X we will call a family of
deformations of f any irreducible component V ⊂ Ratcurvesn(X) containing the
equivalence class of f .
Given a family V of rational curves, we have the following basic diagram:
p−1(V ) =: U
i
✲ X
V
p
❄
where i is the map induced by the evaluation ev : Homnbir(P
1, X)× P1 → X and p
is a P1-bundle. We define Locus(V ) to be the image of U in X ; we say that V is a
covering family if Locus(V ) = X .
If we fix a point x ∈ X everything can be repeated starting from the scheme
Hom(P1, X ; 0 7→ x) parametrizing morphisms f : P1 → X which send 0 ∈ P1
to x. Given a family V ⊆ Ratcurvesn(X), we can consider the subscheme V ∩
Ratcurvesn(X, x) parametrizing curves in V passing through x; we usually denote
by Vx a component of this subscheme.
Definition 2.4. Let V be a family of rational curves on X . Then
(a) V is unsplit if it is proper;
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(b) V is locally unsplit if for the general x ∈ Locus(V ) every component Vx of
V ∩Ratcurvesn(X, x) is proper;
(c) V is generically unsplit if there is at most a finite number of curves of V
passing through two general points of Locus(V ).
Proposition 2.5. [17, IV.2.6] Let X be a smooth projective variety and V a family
of rational curves. Assume either that V is generically unsplit and x is a general
point in Locus(V ) or that V is unsplit and x is any point in Locus(V ) or that x is
a point such that Vx is unsplit. Then
(a) dimX + deg V ≤ dimLocus(V ) + dimLocus(Vx) + 1;
(b) deg V ≤ dimLocus(Vx) + 1.
This last proposition, in case V is the unsplit family of deformations of a minimal
extremal rational curve, i.e. a curve of minimal degree in an extremal face of X ,
gives the fiber locus inequality:
Proposition 2.6. [15], [25] Let ϕ be a Fano-Mori contraction of X and let E =
E(ϕ) be its exceptional locus; let S be an irreducible component of a (non trivial)
fiber of ϕ. Then
dimE + dimS ≥ dimX + l − 1
where
l = min{−KX · C | C is a rational curve in S}.
If ϕ is the contraction of a ray R, then l is called the length of the ray.
Definition 2.7. We define a Chow family of rational curves to be an irreducible
component V ⊂ Chow(X) parametrizing rational and connected 1-cycles. If V is a
family of rational curves, the closure of the image of V in Chow(X) is called the
Chow family associated to V .
We say that V is quasi-unsplit if every component of any reducible cycle in V is
numerically proportional to V .
Let X be a smooth variety, V1, . . . ,Vk Chow families of rational curves on X and
Y a subset of X .
Definition 2.8. We denote by Locus(V1, . . . ,Vk)Y the set of points that can be
joined to Y by a connected chain of k cycles belonging respectively to the families
V1, . . . ,Vk.
We denote by ChLocusm(V
1, . . . ,Vk)Y the set of points that can be joined to Y by
a connected chain of at most m cycles belonging to the families V1, . . . ,Vk.
Definition 2.9. We define a relation of rational connectedness with respect to
V1, . . . ,Vk on X in the following way: x and y are in rc(V1, . . . ,Vk) relation if
there exists a chain of rational curves in V1, . . . ,Vk which joins x and y, i.e. if
y ∈ ChLocusm(V1, . . . ,Vk)x for some m.
To the rc(V1, . . . ,Vk) relation we can associate a fibration, at least on an open
subset:
Theorem 2.10. [9],[17, IV.4.16] There exist an open subvariety X0 ⊂ X and a
proper morphism with connected fibers pi : X0 → Z0 such that
(a) the rc(V1, . . . ,Vk) relation restricts to an equivalence relation on X0;
(b) the fibers of pi are equivalence classes for the rc(V1, . . . ,Vk) relation;
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(c) for every z ∈ Z0 any two points in pi−1(z) can be connected by a chain of
at most 2dimX−dimZ − 1 cycles in V1, . . . ,Vk.
The geometry of Fano varieties is strongly related to the properties of families of
rational curves of low degree. The following is a fundamental theorem, due to Mori:
Theorem 2.11. [20] Through every point of a Fano variety X there exists a rational
curve of anticanonical degree ≤ dimX + 1.
Remark 2.12. The families {V i ⊂ Ratcurvesn(X)} containing rational curves with
degree≤ dimX+1 are only a finite number, so, for at least one index i, we have that
Locus(V i) = X . Among these families we choose one with minimal anticanonical
degree, and we call it a minimal covering family.
Let X be a Fano variety and pi : X0 → Z0 a proper surjective morphism on a
smooth quasiprojective variety Z0 of positive dimension.
A relative version of Mori’s theorem, [18, Theorem 2.1], states that, for a general
point z ∈ Z0, there exists a rational curve C on X of anticanonical degree ≤
dimX + 1 which meets pi−1(z) without being contained in it (an horizontal curve,
for short).
As in remark 2.12 we can find a family V of horizontal curves such that Locus(V )
dominates Z0 and degV is minimal among the families with this property. Such a
family is called a minimal horizontal dominating family for pi.
Lemma 2.13. [1, Lemma 6.5] Let X be a Fano variety, let pi : X ✲ Z be the
fibration associated to a rc(V1, . . . ,Vk) relation and let V be a minimal horizontal
dominating family for pi. Then
(a) curves parametrized by V are numerically independent from curves con-
tracted by pi;
(b) V is locally unsplit;
(c) if x is a general point in Locus(V ) and F is the fiber containing x, then
dim(F ∩ Locus(Vx)) = 0.
2.3. Chains of rational curves, numerical equivalence and cones. In this
subsection we present some results concerning the dimension, the maximum num-
ber of numerically independent curves and the cone of curves of subsets of the
form Locus(V 1, . . . , V k)Y or ChLocus(V
1, . . . , V k)Y when V
1, . . . , V k are unsplit
families and Y is chosen in a suitable way.
Definition 2.14. Let V 1, . . . , V k be unsplit families on X . We will say that
V 1, . . . , V k are numerically independent if the numerical classes [V 1], . . . , [V k] are
linearly independent in the vector space N1(X). If moreover C ⊂ X is a curve we
will say that V 1, . . . , V k are numerically independent from C if in N1(X) the class
of C is not contained in the vector subspace generated by [V 1], . . . , [V k].
The following lemma is a generalization of proposition 2.5 and of [8, Theoreme 5.2]
Lemma 2.15. [1, Lemma 5.4] Let Y ⊂ X be a closed subset and V an unsplit
family. Assume that curves contained in Y are numerically independent from curves
in V , and that Y ∩ Locus(V ) 6= ∅. Then for a general y ∈ Y ∩ Locus(V )
(a) dimLocus(V )Y ≥ dim(Y ∩ Locus(V )) + dimLocus(Vy);
(b) dimLocus(V )Y ≥ dimY + degV − 1.
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Moreover, if V 1, . . . , V k are numerically independent unsplit families such that
curves contained in Y are numerically independent from curves in V 1, . . . , V k then
either Locus(V 1, . . . , V k)Y = ∅ or
(c) dimLocus(V 1, . . . , V k)Y ≥ dimY +
∑
degV i − k.
Notation: Let S be a subset of X . We write N1(S) = 〈[V 1], . . . , [V k]〉 if the
numerical class in X of every curve C ⊂ S can be written as [C] =
∑
i ai[Ci],
with ai ∈ Q and Ci ∈ V i. We write NE(S) = 〈[V 1], . . . , [V k]〉 (or NE(S) =
〈[R1], . . . , [Rk]〉) if the numerical class in X of every curve C ⊂ S can be written as
[C] =
∑
i ai[Ci], with ai ∈ Q≥0 and Ci ∈ V
i (or [Ci] in Ri).
Lemma 2.16. [21, Lemma 1] Let Y ⊂ X be a closed subset and V an unsplit
family of rational curves. Then every curve contained in Locus(V )Y is numerically
equivalent to a linear combination with rational coefficients
λCY + µCV ,
where CY is a curve in Y , CV belongs to the family V and λ ≥ 0.
Corollary 2.17. [1, Corollary 4.4] If X is rationally connected with respect to some
(quasi) unsplit families V 1, . . . , V k then N1(X) = 〈[V
1], . . . , [V k]〉.
Proposition 2.18. [1, Corollary 4.2], [11, Corollary 2.23]
(a) Let V be a quasi-unsplit family of rational curves and x a point in Locus(V ).
Then NE(ChLocusm(V )x) = 〈[V ]〉.
(b) Let V be a family of rational curves and x a point in X such that Vx is
unsplit. Then NE(Locus(Vx)) = 〈[V ]〉.
(c) Let σ be an extremal face of NE(X), F a fiber of the associated contraction
and V an unsplit family independent from σ. Then NE(ChLocusm(V )F ) =
〈[σ], [V ]〉.
Corollary 2.19. Let D ⊂ X be an effective divisor and V an unsplit family
numerically independent from curves in D such that D · V > 0; then, for every
x ∈ Locus(V ) we have dimLocus(Vx) = 1; in particular, if V is the family of de-
formations of a minimal extremal rational curve in a ray R then every non trivial
fiber of ϕR is one dimensional.
Proof. Since D ·V > 0, for every x ∈ Locus(V ) we have D∩Locus(Vx) 6= ∅, and
so dim(D ∩ Locus(Vx)) ≥ dimLocus(Vx) − 1. It follows that dimLocus(Vx) = 1,
since a curve in the intersection would be a curve in D not independent from V . 
3. Some technical results
In order to make the exposition clearer, we collect in this section some technical
lemmata we will use in the proofs of the main theorems.
Lemma 3.1. Let X be a smooth projective variety, A ⊂ X a subvariety of dimen-
sion m and V a covering family of rational curves for X.
Suppose that for a point x ∈ X\A the family Vx is unsplit and that dimLocus(Vx) ≥
m+ 2. Then the general curve in Vx does not meet A.
Proof. We can assume that Vx is irreducible; consider the diagram
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Ux
i
✲ X
Vx
p
❄
and the inverse image i−1(A); since Vx is unsplit the map i is finite to one away
from i−1(x), so it is finite to one when restricted to i−1(A) and so dim i−1(A) =
dimA = m. It follows that i−1(A) cannot dominate Vx which has dimension
= dimLocus(Vx)− 1 ≥ m+ 1. 
Corollary 3.2. Suppose that a Fano variety X is the blow up of a Fano variety Y
along a smooth subvariety T such that dimT ≤ iX + l(R)− 3 and denote by E the
exceptional divisor.
Then, if VY is a minimal dominating family of rational curves for Y and V
∗ is
a family of deformations of the strict transform of a general curve in VY we have
E · V ∗ = 0.
Proof. Suppose by contradiction that E · V ∗ > 0. By the canonical bundle
formula we have
−KY · VY = −KX · V
∗ + l(R)E · V ∗,
hence
−KY · VY ≥ iX + l(R) ≥ dimT + 3.
We can therefore apply lemma 3.1, and obtain that the general curve of VY does
not meet T , a contradiction with E · V ∗ > 0. 
Lemma 3.3. Let X be a Fano variety whose cone of curves is generated by a
divisorial extremal ray R1 with exceptional locus E and a fiber type extremal ray
R2, and let V be a quasi unsplit covering family of rational curves.
Then [V ] ∈ R2; in particular E · V > 0.
Proof. Consider the rcV fibration X ✲ Z. By proposition 2.18 we have
dimZ > 0 since V is quasi unsplit and ρX = 2.
Then V is extremal by [11, Lemma 2.28] since X has not small contractions.
The last assertion follows from lemma 2.1, since E ·R1 < 0. 
Lemma 3.4. Let X be a Fano variety of dimension n and pseudoindex iX ≥ 2
whose cone of curves is generated by a divisorial extremal ray R1 with exceptional
locus E and by a fiber type extremal ray R2. Suppose that l(R1) + iX ≥ n and
that there exists a covering family V of rational curves of degree ≤ n+ 1 such that
E · V = 0.
Then V is not quasi unsplit and all the reducible cycles in the associated Chow
family V have two irreducible components, C1 and C2, where C1 and C2 are curves
in the rays R1 and R2 respectively.
Proof. First of all we note that, since E · V = 0, by lemma 3.3 V is not quasi
unsplit.
Let C =
∑
Ci be a reducible cycle in V . At least one of the components of C,
let it be C1, has negative intersection with E; in fact, if E · Ci = 0 for every i the
effective divisor E would be numerically trivial on the whole NE(X) since ρX = 2.
Denote by V 1 a family of deformations of C1; if V
1 is not unsplit then there exists
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a reducible cycle
∑
C1j in V1, and for at least one of the components, call it C11,
we have E · C11 < 0.
Denote by V 11 a family of deformations of C11. If V
11 is not unsplit, we repeat
the argument, and the procedure terminates because −KX · V > −KX · V 1 >
−KX · V
11 > · · · > 0.
Therefore every reducible cycle
∑
Ci in V has an irreducible component on which
E is negative and such that its family of deformations is unsplit.
Let Γ be one of these components andW a family of deformations of Γ; since E ·Γ <
0 we have Locus(W ) ⊂ E. We claim that [W ] ∈ R1. Assume by contradiction that
W is independent from R1.
Denoted by F a fiber of ϕR1 meeting Locus(W ), by lemma 2.15 we have
n− 1 ≥ dimLocus(W )F ≥ iX − 1 + dimF ≥ n− 1.
This forces Locus(W ) = E, so F ⊂ Locus(W ) and we can apply part a) of lemma
2.15 and get
n− 1 = iX − 1 + dimF = dimLocus(W )F ≥ dimF + dimLocus(Wy)
which implies that dimLocus(Wy) = iX − 1 so W is covering, a contradiction.
Therefore [W ] ∈ R1 and for every reducible cycle
∑
Ck in V we have
(1) n+ 1 ≥ −KX · V = −KX ·
∑
Ck ≥ l(R1) + (k − 1)iX ≥ n.
Hence k = 2 and every reducible cycle has two components, C1, which belongs to
R1 and C2.
From (1) it also follows that −KY · V ≥ n, and this implies that V is not locally
unsplit. To prove this fact we assume by contradiction that V is locally unsplit.
If −KX · V = n + 1, then ρX = 1 by proposition 2.18 b), while if −KX · V = n
for a general x ∈ X Dx = Locus(V )x is a divisor; this divisor is zero on R1 by
corollary 2.19, since R1 has fibers of dimension ≥ 2 and, by proposition 2.18 b),
NE(Dx) = 〈[V ]〉.
On the other hand ϕ(Dx) is an effective, hence ample divisor on Y , so it meets the
center of the blow up which has positive dimension. It follows that D∩E 6= ∅; this,
together with D ·R1 = 0 implies that D contains fibers of ϕR1 , a contradiction with
NE(Dx) = 〈[V ]〉.
Since V is covering, not locally unsplit and Locus(V1) = E, the family V2 of defor-
mations of C2 is a covering family; we have −KX · V2 ≤ iX + 1 < 2iX , so V2 is an
unsplit family and therefore, by lemma 3.3 its numerical class belongs to the ray
R2. 
4. A bound on the length
Lemma 4.1. Let X be a Fano manifold with ρX ≥ 2, let R be an extremal ray of X
and denote by Exc(R) its exceptional locus. Then there exists a family of rational
curves V independent from R such that, for some x ∈ Exc(R), Vx is unsplit.
Moreover, if R is not nef and W is a minimal covering family, then, among the
families of deformations of irreducible components of cycles in W, there is a family
V as above and one of the following happens
a) Exc(R) ⊂ Locus(V ).
b) There exists a reducible cycle CR +
∑k
i=1 Ci in W with [CR] ∈ R.
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Proof. If R is a nef ray it’s enough to choose V as the family of deformation of
a minimal extremal rational curve in any ray R1 6= R, so we can assume that R is
not nef.
Let W be a minimal covering family for X . Note that, since W is covering, it is
certainly independent from R: in fact, since R is not nef there exists an effective
divisor H such that H ·R < 0 so curves whose numerical class is in R are contained
in H .
If there exists x ∈ Exc(R) such that Wx is unsplit then we are done, otherwise
for every x ∈ Exc(R) there exists in W a reducible cycle
∑m
1 Ci, with rational
components, passing through x.
Denote by T i the families of deformations of the curves Ci; since the number of
such families is finite, for at least one index j we have Exc(R) ⊂ Locus(T j).
If T j is independent from R then let W 1 = T j, otherwise let Cj +
∑
i6=j Ci be a re-
ducible cycle inW passing through a point x ∈ Exc(R). Since [W ] = [Cj+
∑
i6=j Ci]
is independent from R and every component which is proportional to R is contained
in Exc(R) there exists an irreducible component Ck independent from R which
meets Exc(R). In this case denote by W 1 the family of deformations of Ck.
We have thus found a familyW 1 which is independent fromR such that Locus(W 1)∩
Exc(R) 6= ∅. Moreover either we can choose W 1 such that Exc(R) ⊂ Locus(W 1)
or there exists a reducible cycle in W with one component belonging to R. Let
x1 ∈ Locus(W 1) ∩ E. If W 1x is unsplit we are done, otherwise we repeat the argu-
ment.
Since n+ 1 > degW > degW 1 > · · · > 0 the procedure terminates. 
Proof of inequality (*). Let x ∈ Exc(R) and V be as in lemma 4.1. Let
ϕR : X → Y be the extremal contraction associated to R and let Fx be the fiber
of ϕR which contains x. The numerical class of every curve in Fx is in R and, by
proposition 2.18, b) the numerical class of every curve in Locus(Vx) is proportional
to [V ] so, since V is independent from R, we have dimLocus(Vx) ∩ Fx = 0 .
Moreover, by inequalities 2.5 and 2.6, we have dimLocus(Vx) ≥ iX−1 and dimFx ≥
dimX − dimExc(R) + l(R)− 1. Combining these inequalities we get
dimX ≥ dimLocus(Vx) + dimFx(2)
≥ iX + dimX − dimExc(R) + l(R)− 2
which gives
iX + l(R) ≤ dimExc(R) + 2,
and the proposition is proved. 
5. The border cases
Proof of 1.1. First of all note that, since the length of a fiber type extremal ray
is ≤ n + 1, equality holding if and only if X ≃ Pn, and the length of a birational
extremal ray is ≤ n− 1, the assumptions of the theorem imply iX ≥ 2.
Let V the family given by lemma 4.1, let x ∈ Exc(R) be a point such that Vx is
unsplit and let Fx be the fiber of ϕR containing x. If equality holds in (*), then
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equality holds everywhere in (2); in particular we have
dimFx = l(R) + dimX − dimExc(R)− 1(3)
dimLocus(Vx) = iX − 1.(4)
The last equality, together with inequality 2.5 yields that dimLocus(V ) = n, so V
is a covering family, and that degV = iX , so V is unsplit.
If ϕR : X → Y is of fiber type then we can apply [21, Theorem 1] to get that
X ≃ PiX−1 × Pl(R)−1.
Suppose now that ϕR : X → Y is divisorial and call E the divisor Exc(R).
By (3) we have dimFx = l(R); note that, since V is covering and unsplit, this
equality holds for every F , hence we can apply [2, Theorem 5.1] and we obtain that
ϕR is the blow up of Y along a smooth subvariety T .
Let F be any fiber of ϕR; by lemma 2.15 b) we have
dimLocus(V )F ≥ dimF + iX − 1 ≥ n,
so, by proposition 2.18 c) we have NE(X) = 〈[R], [RV ]〉, where RV is the ray
spanned by the numerical class of V .
The target Y of ϕR is a smooth variety with ρY = 1 covered by rational curves,
hence a Fano variety; let VY be a minimal dominating family of rational curves
for Y and let V ∗ be the family of deformations of the strict transform of a general
curve in VY . By corollary 3.2 we have E · V ∗ = 0, hence, by lemma 3.4, the family
V ∗ is not quasi unsplit and all the reducible cycles in the associated Chow family
V∗ have two irreducible components, CR and CV , where CR and CV are curves in
the rays R and RV respectively. In particular
(5) n+ 1 ≥ −KY · VY = −KX · V
∗ = −KX · (CR + CV ) ≥ l(R) + iX = n+ 1,
and Y ≃ Pn by the proof of [16, Theorem 1.1]. (Note that the assumptions of the
quoted result are different, but the proof actually works in our case, since for a very
general y the pointed family VYy has the properties 1-3 in [16, Theorem 2.1]).
By equation 5 we also have −KX · CR = l(R) and −KX · CV = iX , so CR and
CV are minimal extremal rational curves; in particular E ·CR = −1 and therefore,
since E · V ∗ = 0 we have E · CV = 1.
Let ψ : X → Z be the contraction of the ray RV ; we know that E ·CV > 0, so every
fiber of ψ meets a fiber F of ϕR and therefore its dimension is n− dimF = iX − 1,
since fibers of different extremal ray contractions can meet only in points.
Let now G be a general fiber of ψ; G is smooth, and, by adjunction
KG + (dimG+ 1)EG = OG,
so G is a projective space and E∩G is an hyperplane which dominates T . Therefore
T is a projective space by [19, Theorem 4.1].
The bound on the dimension of T follows from the fact that dimT = n− l(R)−1 =
iX − 2 and 2iX ≤ l(R) + iX = n+ 1. 
Theorem 5.1. Let X be a Fano manifold of Picard number ρX ≥ 2, and let R a
fiber type or divisorial extremal ray such that
iX + l(R) = dimExc(R) + 1.
Then ρX ≤ 3 and ρX = 3 if and only if X is
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a) P1 × P1 × Pn−2.
b) BlP1×{p}(P
1 × Pn−1).
c) Blp(Vd) where Vd is BlY (P
n) and Y is a submanifold of dimension n − 2
and degree ≤ n contained in an hyperplane H such that p 6∈ H.
If ρX = 2, except for the cases
d) Blp(Q
n).
e) BlPl(R)−2(P
n).
the cone of curves NE(X) is generated by R and by a fiber type extremal ray and
moreover iX ≥ 2.
Proof. If iX = 1 and R is divisorial we have l(R) ≥ n − 1 so, by [2, Theorem
1.1], X is the blow up at a point of a variety X ′; by [7, Theorem 1.1] we are in case
c) or in case d).
If iX = 1 and R is of fiber type then l(R) = n; in particular ϕR : X → B is
equidimensional with n− 1-dimensional fibers over a smooth curve B. The general
fiber of ϕR is a projective space by [12, Corollary 0.4] or [16, Theorem 1.1].
Over an open Zariski subset U of B the morphism p is a projective bundle. By
taking the closure in X of a hyperplane section of p defined over the open set U we
get a global relative hyperplane section divisor (we use ρ(X/B) = 1) hence p is a
projective bundle globally by [13, Lemma 2.12].
Since X is a Fano manifold B ≃ P1. Write X = PP1(⊕O(ai)) with 0 ≤ a0 ≤ ai ≤
an−1. A straightforward computation shows that X is Fano if and only if either all
the ai are zero or all the ai but the last are zero and an−1 = 1. In the first case
X = P1 × Pn−1 and iX = 2, in the second case X = BlPn−2(P
n).
From now on we can assume iX ≥ 2.
Let V the family given by lemma 4.1, let x ∈ Exc(R) be a point such that Vx
is unsplit and let Fx be the fiber of ϕR containing x. First of all we prove that
V is an unsplit family. In fact, if V were not unsplit then −KX · V ≥ 2iX and
dimLocus(Vx) ≥ 2iX − 1.
In this case we would have
dimLocus(Vx) + dimFx ≥ 2iX − 1 + n+ l(R)− dimExc(R)− 1 ≥
≥ n+ iX − 1 > n
and so dimLocus(Vx) ∩ Fx ≥ 1, a contradiction, since V is independent from R.
Now we divide the proof in two cases, according to the type of R.
Case 1: R is nef.
Recall that, according to the proof of lemma 4.1, in this case V is the family of
deformations of a minimal extremal rational curve in a ray R1 different from R.
Suppose that R1 is not nef; by inequality 2.6, if F is a fiber of the associated
contraction we have dimF ≥ iX and, by lemma 2.15
dimLocus(R)F ≥ dimF + l(R)− 1 ≥ iX + l(R)− 1 = n.
It follows that dimF = iX and X = Locus(R)F , so NE(X) = 〈[R], [R1]〉 by propo-
sition 2.18 c).
Since dimF = iX = l(R1) for every fiber of the contracion associated to R1, this
contraction is a smooth blow up by [2, Theorem 5.1].
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We can repeat the second part of the proof of theorem 1.1, exchanging R1 and R
and obtain that X = BlPl(R)−2(P
n), so we are in case e).
Suppose now that R1 is nef and consider the rc(R,R1) fibration piR,R1 : X−− > Z.
Let F be a general fiber of piR,R1 and x ∈ F a point; F contains Locus(R,R1)x
which has dimension ≥ iX + l(R)− 2 = n− 1 by lemma 2.15, so dimZ ≤ 1.
Suppose that dimZ = 1 and let V ′ be a minimal horizontal dominating family for
piR,R1 ; by lemma 2.13 c) dimLocus(V
′)x = 1 and so −KX · V
′ = 2 = iX .
In particular V ′ is unsplit and, by 2.5, covering. We can apply [21, Theorem 1] to
conclude that X = P1 × P1 × Pn−2 and we are in case a).
If dimZ = 0 then X is rc(R,R1)-connected and ρX = 2 by corollary 2.17; in this
case we clearly have NE(X) = 〈[R], [R1]〉.
Case 2: R is not nef.
Let W be a minimal covering family for X and let V be a family as in lemma 4.1,
chosen among the families of deformations of irreducible components of cycles in
W .
Step 1 V is an unsplit covering family.
Let x ∈ Exc(R) be a point such that Vx is unsplit and let Fx be the fiber of ϕR
containing x. Since V is independent from R, we have dimLocus(Vx) ∩ Fx = 0,
hence dimLocus(Vx) ≤ n−dimFx, giving rise to the following chain of inequalities:
−KX · V − 1 ≤ dimLocus(Vx) ≤ n− dimFx ≤ n− l(R) ≤ iX .
This implies that −KX · V ≤ iX + 1 and therefore that V is unsplit, since we are
assuming that iX ≥ 2.
Suppose that V is not a covering family. Then, by inequality 2.5, dimLocus(Vx) ≥ 2
and therefore E := Exc(R) is not contained in Locus(V ). In fact, in this case, by
lemma 2.15 a) we would have dimLocus(V )F ≥ dimF + dimLocus(Vx) = n, a
contradiction.
So we are in case b) of lemma 4.1 and there exists a reducible cycle CR +
∑
Ci in
W with [CR] ∈ R. Hence we have
n ≥ KX ·W ≥ −KX · (CR +
k∑
i=1
Ci) ≥ l(R) + kiX ≥ n+ (k − 1)iX
forcing −KX ·W = n and k = 1.
We have thus proved that in W there exists a reducible cycle CR + CV , with CR
in R and CV in V .
Let D = Locus(Wx) for a general x ∈ X ; by proposition 2.18 b) NE(D) = 〈[W ]〉.
By corollary 2.19, since the fibers of ϕR are at least two dimensional we have
D ·R = 0; by the same corollary, since dimLocus(Vx) ≥ 2 we have D · V = 0. This
implies also that D ·W = D · (CR + CV ) = 0.
By lemma 2.1 there exists an extremal ray R1 such that D · R1 > 0; let V
1 be
a family of deformations of a minimal curve in R1. By lemma 2.15 b) we have
dimLocus(V 1)D ≥ dimD + iX − 1 ≥ n, hence X = Locus(V 1)D and ρX = 2.
This is a contradiction, since D is zero on R and V and so, if ρX = 2 it would be
zero on the entire cone. Therefore V is a covering family as claimed. 
Step 2 ρX ≤ 3.
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Let F be a fiber of ϕR; by lemma 2.15 b) we have
dimLocus(V )F ≥ dimF + iX − 1 ≥ n− 1
If X = Locus(V )F then, by proposition 2.18 c) NE(X) = 〈[R], [V ]〉 and we are
done. Note that this is always the case if dimF > l(R), so we assume from now
on that ϕR is equidimensional with fibers of dimension l(R), hence it is a smooth
blow up by [2, Theorem 5.1].
An irreducible component of Locus(V )F is thus a divisorD ⊂ X such that NE(D) =
〈[R], [V ]〉. If D · V > 0 then X = ChLocus2(V )F and NE(X) = 〈[R], [V ]〉 again by
proposition 2.18 c), so we can assume D · V = 0.
By lemma 2.1 there exists an extremal ray R1 such that D ·R1 > 0.
If R1 6⊂ NE(D) then, by lemma 2.15 b), denoted by V 1 a family of deformations of
a minimal extremal rational curve in R1, we have dimLocus(V
1)D = n. By lemma
2.16 N1(X) = 〈[R], [V ], [V 1]〉, so ρX ≤ 3, equality holding if and only if R1 is not
contained in the vector subspace of N1(X) spanned by R and [V ].
If R1 ⊂ NE(D) then R1 = R because D · V = 0. It follows that Locus(R)D = E,
so N1(E) = 〈[R], [V ]〉.
If E · V > 0 then Locus(V )E = X and N1(X) = 〈[R], [V ]〉 by lemma 2.16, so
ρX = 2. We claim that we cannot have E · V = 0; in fact, in this case every curve
of V which meets E is entirely contained in E, so E = Locus(V )F = D and we
have D ·R < 0. Recalling that D ·V = 0 we have that D is not positive on NE(D),
a contradiction, since we are assuming R1 ⊂ NE(D) and D · R1 > 0.
Step 3 ρX = 2, description of the cone.
We have to prove that NE(X) = 〈[R], [R1]〉 where R1 is a fiber type extremal ray.
By step two this is the case if for a fiber F of ϕR either we have X = Locus(V )F
or an irreducible component of Locus(V )F is a divisor D such that D · V > 0. We
can therefore assume that an irreducible component of Locus(V )F is a divisor D
such that D · V = 0; moreover we know that there exists an extremal ray R1 of X
on which D is positive.
If R1 6⊂ NE(D) then NE(X) = 〈[R], [R1]〉 and moreover, by corollary 2.19 the
contraction associated to R1 has one dimensional fibers, and so it is of fiber type,
since iX ≥ 2.
If R1 ⊂ NE(D) then R1 = R thus, if V is not extremal, D is negative on an
extremal ray R2, and so Exc(R2) ⊂ D, against NE(D) = 〈[R], [V ]〉. Therefore V is
extremal and NE(X) = 〈[R], [V ]〉.
Step 4 ρX = 3, description of the cone.
By step two, if ρX = 3, then Locus(V )F has dimension n − 1; moreover, denoted
by D one irreducible component of Locus(V )F we have D · V = 0 and D · R1 > 0
for a ray R1 not contained in the vector subspace of N1(X) spanned by R and [V ].
Since NE(D) = 〈[R], [V ]〉, by corollary 2.19, every fiber of the contraction associated
to R1 is one dimensional. Combining this with iX ≥ 2, by inequality 2.6, we have
that V 1 is a covering unsplit family.
By lemma 2.15, denoting again by F a fiber of ϕR we have dimLocus(V, V
1)F =
dimLocus(V 1, V )F = n, so X = Locus(V, V
1)F = Locus(V
1, V )F .
We can write X = Locus(V, V 1)F = Locus(V )Locus(V 1)F and therefore, by lemma
2.16 and proposition 2.18 the numerical class of every curve in X can be written as
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a linear combination a[V ] + b[V 1] + c[R] with b, c ≥ 0.
On the other hand X = Locus(V 1, V )F = Locus(V
1)Locus(V )F , so the numerical
class of every curve in X can be written as a linear combination a[V ]+ b[V 1]+ c[R]
with a, c ≥ 0. By the uniqueness of the decomposition it follows that NE(X) =
〈[V ], [V 1], [R]〉.
Step 5 If ρX = 3, iX ≥ 2 and R is not nef then X ≃ BlP1×{p}(P
1 × Pn−1).
We have thus proved that the cone of curves of X is generated by R, which is the
ray associated to a smooth blow up ϕR : X → Y , and by other two fiber type
extremal rays, call them R1 and R2, which both have length two. In particular we
have iX = 2, so l(R) = n− 2 and dimFR = n− 2 for every fiber of ϕR.
Moreover, since E = Exc(R) is non negative on R1 and R2, by [25, Proposition 3.4]
Y is a Fano variety.
The effective divisor E is positive on at least one of the rays Ri by lemma 2.1; let
us assume that E · R1 > 0. Let σ be the extremal face spanned by R and R1 and
consider the associated contraction ϕσ.
Let x ∈ X be a point, let Γ1 be a curve in R1 through x and let F be a fiber of ϕR
meeting Γ1. The fiber of ϕσ through x contains Locus(R1)F , which has dimension
n−1 by lemma 2.15, so the target of ϕσ is a smooth curve, which has to be rational
since X is Fano. We have a commutative diagram
X
ϕR
✲ Y
P1
ψσ
❄
ϕ
σ
✲
The general fiber Fσ of ϕσ is, by adjunction, a Fano variety of index ≥ 2 which has
a divisorial extremal ray of length dimFσ − 1, so, by theorem 1.1, Fσ ≃ BlpPn−1.
It follows that the general fiber of ψσ is P
n−1. The Fano variety Y has a fiber
type extremal ray ψσ of length dimY while the other ray is of fiber type, since the
associated contraction contracts the images of curves in R2. Therefore iY ≥ 2.
We can thus apply theorem 1.1 to conclude that Y ≃ P1 × Pn−1. Let T ≃ P1 be
the center of the blow up; we claim that T is a fiber of the projection Y → Pn−1.
By contradiction, assume that this is not the case. Let C ≃ P1 be a fiber of the
projection Y → Pn−1 meeting T and let C˜ be the strict transform of C.
By the canonical bundle formula we have
−KX · C˜ = −KY · C − l(R)E · C˜ ≤ 2− l(R) ≤ 0,
and so X is not a Fano variety, a contradiction. 
6. Blow ups
Proof of 1.3. If iX + l(R) = n+1, by theorem 1.1 we have that X = BlPt(P
n),
with t ≤ n−32 .
We can thus assume that iX+l(R) = n. By theorem 5.1, if ρX ≥ 3, then X is either
BlP1×{p}(P
1 × Pn−1) or Blp(Vd) where Vd is BlY (Pn) and Y is a submanifold of
dimension n−2 and degree ≤ n contained in an hyperplane which does not contain
p. Note that case a) of theorem 5.1 has been excluded since it is not a blow up.
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We can thus assume, from now on, that ρX = 2; again by theorem 5.1 either
X ≃ Blp(Qn) or ρX = 2, iX ≥ 2 and the cone of curves of X is generated by R
and by a fiber type extremal ray RV . (Case e) of theorem 5.1 has been excluded
since in that case R is a fiber type ray).
The target Y of ϕR is a smooth variety with ρY = 1 covered by rational curves,
hence a Fano variety; let VY be a minimal dominating family of rational curves
for Y and let V ∗ be the family of deformations of the strict transform of a general
curve in VY . The center of the blow up T , has dimension ≤ dimY − 3 since
codim T − 1 = l(R) ≥ iX ≥ 2,
therefore we can apply corollary 3.2 and obtain that E · V ∗ = 0.
Since E · V ∗ = 0, by lemma 3.4, the family V ∗ is not quasi unsplit and all the
reducible cycles in the associated Chow family V∗ have two irreducible components,
C1 and C2, where C1 and C2 are curves in the rays R and RV respectively.
Let ΓR and ΓV be curves in R and RV respectively with minimal anticanonical
degree. Since ϕR is a smooth blow up E · ΓR = −1, hence the numerical class
of every curve in R is an integral multiple of [ΓR]; in particular we can write
[C1] = m1[ΓR] with m1 a positive integer. By the canonical bundle formula
n+ 1 ≥ −KY · VY = −KX · V
∗ = −KX · (C1 + C2) ≥(6)
≥ m1l(R) + iX ≥ (m1 − 1)l(R) + n.
Recalling that l(R) ≥ iX ≥ 2 we have m1 = 1, i.e. [C1] = [ΓR]. It follows that
E · C2 = 1, so [C2] = [ΓV ] and [V
∗] = [ΓR + ΓV ].
Consider now the contraction of RV , ψ : X → Z and let F be any fiber of ψ.
Since E · ΓV > 0 the fiber F meets a fiber FR of ϕR and therefore dimF ≤
n− dimFR = iX .
On the other hand, by inequality 2.6 dimF ≥ l(RV )− 1 ≥ iX − 1, so the length of
RV is either iX or iX + 1. In the first case, by equation 6 we have −KY · VY = n,
while in the second we have −KY · VY = n+ 1.
The contraction ψ is supported byKX+iXE in the first case and byKX+(iX+1)E
in the second; in both cases, since for every fiber of ψ we have iX−1 ≤ dimF ≤ iX ,
the target variety Z is smooth by [3, Theorem 4.1].
The general fiber of ψ has dimension either iX − 1 or iX , so the dimension of Z is
either l(R) + 1 or l(R). We divide the proof in two cases, accordingly.
Case 1 dimZ = l(R) + 1.
In this case ψ is supported by KX + iXE, its general fiber has dimension iX − 1
and it is a projective space PiX−1 by [3, Theorem 4.1], while jumping fibers, if they
exist, have dimension iX and are projective spaces P
iX , again by [3, Theorem 4.1].
We claim that, for at least one fiber F of ψ, we have E ∩ F = PiX−1. The claim is
clearly true if either E contains a fiber of dimension iX − 1 or, being E · ΓV = 1, if
ψ has a jumping fiber (E cannot contain a jumping fiber F , otherwise, by lemma
2.15 a) we will have dimE ≥ dimLocus(R)F ≥ iX + l(R) ≥ n).
Suppose by contradiction that neither of these two possibilities happens. The re-
striction of ψ to E is thus an equidimensional morphism with general fiber a pro-
jective space, such that E restricted to the general fiber is OP(1), so ψ makes E a
projective bundle over Z.
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Therefore E, which is also a projective bundle over T , has two projective bundle
structures and ρE = 2 so, by [22, Theorem 2], E is the projectivization of the tan-
gent bundle of a projective space, but this is impossible since the two fibrations of
E have fibers of dimension iX − 2 and l(R) and these two dimensions are different,
being l(R) ≥ iX , so the claim is proved.
It follows that either ψ has a jumping fiber or E contains a fiber of ψ; in both cases
T , the center of the blow up, is dominated by the intersection of E with this fiber,
and so it is a projective space of dimension iX − 1 by [19, Theorem 4.1].
To finish the proof, we have to show that Y ≃ Qn, and we will do this proving the
existence of a line bundle LY ∈ Pic(Y ) such that −KY = nLY and applying the
Kobayashi-Ochiai theorem.
Take a line l in T and denote by Yl the inverse image ϕ
−1
R (l); Yl is a projective bundle
over a smooth rational curve, so a toric variety. The restriction ψ|Yl : Yl → Z is
thus a surjective morphism from a toric variety to a smooth variety with Picard
number one, so Z is a projective space by [22, Theorem 1].
Let L be the line bundle ψ∗OP(1)+E; we have L ·R = 0 and therefore there exists
LY ∈ Pic(Y ) such that ϕ∗RLY = L.
Moreover, since L·V ∗ = 1 we have LY ·VY = 1, so, recalling that −KY ·VY = dimY
we get −KY = nLY with and we conclude that Y ≃ Qn by the Kobayashi-Ochiai
theorem.
Case 2 dimZ = l(R).
In this case, as noted above, every fiber of ψ has dimension iX+1. The contraction
ψ is supported either byKX+iXE and it is a projective bundle or byKX+(iX+1)E
and it is a quadric bundle, by [3, Theorem 4.1].
Every fiber of ϕR dominates Z so, by [19, Theorem 4.1] Z is a projective space.
Let L be the line bundle ψ∗OP(1)+E; we have L·R = 0 so there exists LY ∈ Pic(Y )
such that ϕ∗RLY = L.
Moreover, since L · V ∗ = 1 we have LY · VY = 1.
Case 2a ψ : X → Z is a projective bundle.
In this case −KY · VY = n+ 1, so −KY = (n+ 1)LY and Y is a projective space.
The intersection of E with the general fiber of ψ is thus a projective space and
therefore the center T of the blow up is a linear space by [19, Theorem 4.1].
Case 2b ψ : X → Z is a quadric bundle.
In this case −KY · VY = n, so −KY = nLY and Y is a smooth quadric by the
Kobayashi-Ochiai theorem.
The intersection of E with the general fiber of ψ is thus a smooth quadric, so the
center T of the blow up is either a linear space or a smooth quadric by [23].
Actually the first case can be excluded by direct computation, since the blow up of
a quadric along a linear subspace is not a quadric bundle over Pr.
In the second case let Π ≃ PiX be the linear subspace of dimension iX of P
n+1
which contains T ≃ QiX−1.
Two cases are possible: either Y ⊇ Π or Y ∩ Π = T . The first case has to be
excluded because, if Y ⊇ Π the blow up of Qn along T does not give rise to a Fano
variety.
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To see this, take a line l ⊂ Π not contained in T ; by the canonical bundle formula,
if X = BlTQ
n we have
−KX · l˜ = −KY · l − l(R)E · l˜ ≤ n− 2l(R) ≤ 0.
Finally note that in both cases the bound on the dimension of the center follows
from the fact that iX ≤ l(R) and so 2iX ≤ l(R) + iX ≤ n. 
7. Varieties with a polarization
Proof of 1.2. Let V the family given by lemma 4.1, let x ∈ Exc(R) be a point
such that Vx is unsplit and let Fx be the fiber of ϕR containing x.
First of all we prove that ρX = 2 and that the cone of curves of X is generated by
R and by the ray spanned by [V ].
We are assuming that equality holds in (*), so equality holds everywhere in (2); in
particular we have
dimFx = l(R) + dimX − dimExc(R)− 1 = dimX − rX + 1(7)
dimLocus(Vx) = rX − 1.(8)
This forces deg V = rX , so the family V is unsplit. Moreover, by inequality 2.5 V
is a covering family.
Therefore, by lemma 2.15 we have dimLocus(V )Fx ≥ dimFx + rX − 1 = dimX ,
so, by proposition 2.18 c), we have NE(X) = 〈[V ], [R]〉.
Let ψ : X → Z be the contraction of the ray RV spanned by [V ], which is of fiber
type since V is a covering family; curves parametrized by V have anticanonical
degree rX , so they are minimal extremal curves in RV which has length rX .
By inequality 2.6, every fiber of ψ has dimension ≥ l(RV )−1 = rX −1, so dimZ ≤
n−rX+1. Again by inequality 2.6 the fibers of ϕR have dimension ≥ n−e+ l−1 =
n− rX + 1, so they dominate Z. In particular every fiber of ψ meets a fiber FR of
ϕR and so its dimension is ≤ dimX − dimFR = rX − 1; therefore the contraction
ψ : X → Z is equidimensional.
Moreover we also have that the dimension of every fiber of ϕR is ≤ dimZ ≤
n − rX + 1, so ϕR is equidimensional with fibers of dimension n − rX + 1 and
dimZ = n− rX + 1.
Denote by H the divisor such that −KX = rXH . The general fiber G of ψ is, by
generic smoothness and adjunction, a projective space PrX − 1 and HG ≃ O(1), so,
by [13, Lemma 2.12], ψ is a projective bundle over Z, X = PZ(E), with E = ϕ∗RH .
In particular Z is a smooth Fano variety of Picard number one.
The canonical bundle formula yields
ψ∗(KZ + det E) = KX + rXH = OX ,
and so −KZ = det E . Note also that, if CR is a curve in R then
(9) H · CR =
−KX · CR
rX
≥
l(R)
rX
.
Let VZ be a minimal covering family for Z and C a curve in VZ ; Let ν : P
1 → C ⊂ Z
be the normalization of C and let ZC be the fiber product ZC = P
1 ×C X .
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ZC
ν¯
✲ X
P1
p
❄
ν
✲ Z
ψ
❄
The variety ZC is a projective bundle over P
1, ZC = P
1
P(ν
∗E); the vector bundle
ν∗E is ample, so we can write ν∗E ≃ ⊕rX−10 O(ai) with ai > 0 and ai ≤ ai+1 ∀i.
Denote by m the maximum index i such that ai = a0 and rewrite ν
∗E in the
following way
ν∗E ≃ ⊕m+1O(a0)⊕
rX−1
i=m+1 O(ai).
The cone of curves NE(ZC) is generated by the class of a line in a fiber of p and by
the class of a section C0 corresponding to a surjection ν
∗ → O(a0).
The cone of curves NE(X) is generated by the class [V ] of a line in a fiber of ϕV
and by the class of ΓR, a minimal extremal curve in R.
The morphism ν¯ induces a map of spaces of cycles N1(ZC)→ N1(X) which allows
us to identify NE(ZC) with a subcone of NE(X).
Since ν¯(ZC) contains lines in the fibers of ψ and contains curves in the fibers of
ϕR (since for dimensional reasons dim(ν¯(ZC)∩FR) ≥ 1), we have an identification
NE(ZC) ≃ NE(X).
In particular FR ∩ ν¯(ZC), which is a curve whose numerical class in X is a multiple
of [ΓR], is the image of a curve Γ whose numerical class in ZC is a multiple of [C0].
By [21, Lemma 3] the curve Γ is the union of disjoint minimal sections, so ν¯(ZC)∩FR
consists of the images via ν¯ of disjoint minimal sections.
On the other hand, if C0 is a minimal section, then ν¯(C0) is a curve whose numer-
ical class is in R, so it is contained in a fiber of ϕR.
It follows that the dimension of ϕR(Exc(R)) is the dimension of the space parametriz-
ing minimal sections, which is m. Therefore
m = dimExc(R)− dimFR = l(R) + rX − 2− dimFR.
Moreover, since [C0] ∈ R we have, by equation 9
a0 = H · C0 ≥
l(R)
rX
,
hence ai ≥ a0 + 1 ≥
l(R)
rX
+ 1 for i = m+ 1, . . . , rX − 1.
It follows that
dimZ + 1 ≥ −KZ · C = det E · C =
= (m+ 1)a0 +
rX−1∑
m+1
ai ≥ (m+ 1)
l(R)
rX
+ (rX −m− 1)
(
l(R)
rX
+ 1
)
=
= l(R) + rX −m− 1 = dimFR + 1 = dimZ + 1.
Therefore Z admits a minimal dominating family of degree dimZ + 1, hence Z is
a projective space of dimension n− rX + 1 by the proof of [16, Theorem 1.1].
Since equality holds everywhere we also have a0 = 1, ai = 2 i = m+1, . . . , rX−1,
so the splitting type of E on lines of Z is uniform.
If dimExc(R) ≤ dimX − 2 then rk E = rX ≤ l(R) < n− r + 1 = dimZ, therefore
E is decomposable by [14] and E ≃ ⊕m+1O(1)⊕rX−1−m O(2).
FANO MANIFOLDS WITH LONG EXTREMAL RAYS 19
If dimExc(R) = dimX − 1 then rk E = dimZ and the splitting type of E is
(1, . . . , 1, 2), so, by [14], either E is decomposable or E is the tangent bundle of Z =
PdimZ , but the second case has to be excluded since X has a divisorial contraction.
Finally, if Exc(R) = X then the splitting type of E is (1, . . . , 1), so E is decomposable
by [4, Proposition 1.2] and X is a product of projective spaces. 
Proposition 7.1. Let X be a Fano variety of Picard number ρX = 2, index rX ≥ 2,
and let R a fiber type or divisorial extremal ray such that rX+l(R) = dimExc(R)+1.
Then, if R is divisorial either X is as in theorem 1.3 or X has the structure of a
projective bundle over a smooth variety.
If R is of fiber type then X is a projective bundle or a quadric bundle or the pro-
jectivization of a Baˇnicaˇ sheaf over a smooth variety Y .
Proof. By theorem 5.1 either BlPl(R)−2(P
n) or the cone of curves NE(X) is
generated by R and by a fiber type extremal ray; let ψ : X → Z be the contraction
of this ray.
Let H be the line bundle such that −KX = rXH , let A ∈ Pic(Z) be an ample
divisor and let H ′ = H + ψ∗A. The contraction ψ is supported by KX + rXH
′.
If R is divisorial then every fiber of ϕR has dimension ≥ l(R). If equality holds for
every fiber, ϕR is a smooth blow up by [2, Theorem 5.1], so X is as in theorem 1.3.
We can therefore assume that there exists a fiber F of ϕR of dimension ≥ l(R)+ 1.
The contraction ψ : X → Z has fibers of dimension ≥ rX − 1 ≥ n − l(R) − 1, so
dimZ ≤ l(R)+1. It follows that F dominates Z and meets every fiber of ψ, forcing
the equidimensionality of ψ.
We can now conclude that X is a projective bundle over Z by [13, Lemma 2.12]
since H · V = 1.
If R is of fiber type then every fiber of ϕR has dimension ≥ l(R) − 1 and so the
contraction ψ : X → Z has fibers of dimension ≤ n − l(R) + 1 ≤ rX , so we can
conclude by [3, Theorem 4.1] and [5, Proposition 2.5]. 
8. Appendix
The results in theorem 1.3 show that if a Fano variety X is the blow-up of a smooth
variety Y along a smooth subvariety T and iX ≥ dimT + 1 then also Y is a Fano
variety and iY ≥ iX .
In general these two facts are not true; in [25, Section 3] the question whether Y has
to be a Fano variety was posed and some answers were given in [25, Propositions
3.4 and 3.6].
In particular the examples [25, 3.7, 3.8] show that iT ≥ dimT+1 is the best possible
bound which guarantees that Y is a Fano manifold.
The second problem, i.e. - assuming that Y is Fano can the pseudoindex of Y be
less than the pseudoindex of X? - has been studied in [6]. The following example
of that paper shows that the answer can be positive:
Example 8.1. Let Yn = PPm(O⊕m ⊕ O(1)) and let Tn ⊂ Yn be the submanifold
defined by the subbundle O⊕m. Note that dimYn := n = 2m and dimTn = m. Let
ϕn : Xn = BlTn(Yn) −→ Yn be the blow-up of Yn along Tn.
One can easily prove that Xn and Yn are Fano manifolds, if n ≥ 4, and moreover
iYn = 1 and, if n ≥ 6 , iXn = 2 (while iX4 = 1).
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The following are the main results of [6]:
Theorem 8.2. Let X be a Fano manifold of dimension n which is the blow up
ϕR : X −→ Y of a smooth Fano manifold Y along a smooth subvariety T .
• If 2 dimT ≤ n + iY − 1 then iX ≤ iY unless n ≥ 6 is even and X = Xn,
Y = Yn, T = Tn are as in the above example.
• If iY ≥
n
3 − 1 then iX ≤ iY unless n = 6 and X = X6, Y = Y6, T = T6 are
as in the above example.
We propose here a slight variation of the results of [6], considering birational con-
tractions between smooth Fano manifolds:
Proposition 8.3. Let X be a Fano manifold, let ϕR : X −→ Y be the contraction
of a birational extremal ray R such that Y is a smooth Fano manifold and let
T = ϕR(Exc(R)). If iY > 2 dimT + 1− n or if iY >
n
3 − 1 then iX ≤ iY .
Proof. Since ϕ is a birational map between smooth varieties the exceptional locus
Exc(R) is a divisor and we have the formula:
KX = KY +G,
where G is a divisor supported on Exc(R)
Let C ⊂ Y be a rational curve such that iY = −KY · C and let V be a family of
rational curves on Y containing C.
By inequality 2.5 we have 2 dimLocus(V ) ≥ n+ iY − 1, therefore if iY > 2 dimT +
1−n we have that dimLocus(V ) > dimT and this implies that there exists a curve
C in V not contained in T .
The strict transform of it, call it C˜, is a rational curve on X satisfying G · C˜ ≥ 0,
therefore, by the canonical bundle formula, iX ≤ −KX · C˜ ≤ iY .
Assume now that iY >
n
3 − 1 and, by contradiction, that iX > iY ; by the first part
we can assume that iY ≤ 2 dimT + 1− n.
Denote by F a general fiber of the map ϕ; from 2.5 we have dimF ≥ iX and
therefore
iY ≤ 2 dimT + 1− n = n− 1− 2 dimF ≤ n− 1− 2iX ≤ n− 3− 2iY
that is iY ≤
n
3 − 1, which is a contradiction. 
Corollary 8.4. Let X be a Fano manifold, let ϕR : X −→ Y be the contraction
of a birational extremal ray R such that Y is a smooth Fano manifold and let
T = ϕR(Exc(R)). If iX ≥ dim T then iX ≤ iY .
Proof. Let F be a general fiber of ϕR; we have
dim T ≤ dimExc(R)− dimF ≤ n− 1− iX ≤ n− dim T + 1
so that
2 dimT − n+ 1 ≤ 0 < iY
We can thus apply proposition 8.3 to conclude. 
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